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This paper deals with methods of constructing new BIB designs from known 
designs. First, we provide a method of finding trades on a given BIB design so that 
new designs with the same parameters IJ, b: k can be constructed. Second, we point 
out that the method of combining designs mentioned in [9] is particularly useful for 
constructing designs based on v = 2k, k even, when designs based on Y = 2k - 1 are 
available. By utilizing the above methods with the aid of Table I in [4], we have 
constructed a table of 53 BIB designs based on V = 8 and k = 4 with support sizes 
14 <b* < (t) = 70 except for b* = 15, 16, 17, 19. BIB designs with v = 8: k= 4 
and b* < 14 are shown to be nonexistent. 
1. INTRODUCTION 
To conserve space, the reader is referred to [4,5] for detailed definitions 
and notation concerning trades and their applications for constructing BIB 
designs with repeated blocks. For the purpose of constructing BIB designs 
with repeated blocks, Hedayat and Li [4] introduced a trade-off method to 
construct new designs from a given design. In [5], a geometrical represen- 
tation of trades with block size 3 was presented and is found to be very 
useful for the construction of BIB designs with blocks of size 3. However, it 
is desirable to have a general method for constructing trades based on any 
fixed block size k. Especially, it is very useful to have a method which can 
tell whether or not there is a trade on a given design so that a new design 
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TABLE I 
BIB Designs with t: = 8 and k = 4 
* 
b 1: 18 20 21 2: 23 24 25 2’6 27 2; 29 ,: 31 32 33 :I, 35 3: 37 & 39 'b 41 42 43 
b 14 28 28 28 28 28 28 28 28 28 23 42 42 42 42 42 42 42 42 42 42 42 42 42 42 56 
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--------------------11-112 
1578 - - - 1- - - - - -111-1111111 l-111 
1678 12 21212 2 2 212 2 3 2 2 2 2 2 2112111' 
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2346 -------l-1111- lllllll- - -mm 
-----l----------------l--- 
-------------l------ -11111 
s -_-___-------------______ 
---l------111- 11111111-11- 
,,,,---------l--e-- --11112 
i;:i: 
-llll- 11111111111-11 
-1111111211111111111i 
-------------------ll---- 
-,-,--------11-l -11111111; 
______-__---------____ -112 
122221111112 2l2l2111111111 
----------------------l--l 
m-11---- 111-----1111------ 
lllllll--lllll- 
i~iii2l11111121l1111iiiiii 
~---~~l1---1111111- -111111 
--ll-ll- -11111112 
_ _ - _ - - - _ - - - - - - 
3467 _ _ _ _ _ _ :iI---l-l -ll--11111 
3468 12111111111112 111111111112 
3478 ----1 -ll- - -22122111111111~ 
3567 12 2 2 21111 112312222233111~l 
46’78 - m m -  -  -  -  -  -  -  -  -  -  -  -  -  -  e w-11-1 I -  
5678 ____-e-- - - - --- --m-m_______ 
Note. For each b*. the number of blocks, b, is a minimum. Designs identified with the 
symbol 0 are self-complementary. 
BIB DESIGNS-EMPHASIS ON U= 8 AND k=4 
TABLE I-Continued. 
165 
4: 45 (1’6 47 48 49 ;O 51 & 53 54 55 5: 57 5: 59 60 61 6: 63 64 65 66 67 6s 69 7’0 
56 56 56 56 56 56 56 56 56 56 56 56 56 70 70 70 70 70 70 70 70 84 70 a4 a4 a4 70 
-1 
11 
e -  
l- 
l- 
: : 
: : 
1 1 _ - 
- - 
- - 
l- 
-1 
: : 
11 
: : 
: : 
- - 
l- 
11 
: : 
166 HEDAYATANDHWANG 
can be constructed. Fortunately, a set of generators for these trades provided 
by Graham et al. [l] will help us in this direction. We shall briefly 
summarize their results and point out how these generators can be utilized 
for constructing new designs. 
In this paper we shall study in depth the family of BIB designs with or 
without repeated blocks based on v = 8 and k = 4. These designs have the 
smallest u and k among the designs which cannot be constructed directly or 
indirectly (by complementation) via trades based on blocks of size 3, a topic 
which has received considerable attention recently [3-51. Moreover, they 
have the feature that v = 2k, which is an essential condition for a self- 
complementary design [8]. Using the method of combining designs and the 
trade-off method mentioned above we construct BIB designs based on v = 8 
and k = 4 with support sizes ranging from 14 to ( i ) = 70 except for 
15, 16, 17, 19. Examples of designs corresponding to different support sizes 
are listed in Table I. 
Throughout this paper, we shall adopt the notation CfiBi to denote an 
incomplete block design which contains the block B, with multiplicity fi. 
Given positive integers v and k with v > k, we let V = { 1, 2,..., v} and v C i 
be the set of all i-subsets of V. Elements of ZI C i consisting of x,, x2,.,., xi 
will be denoted by x1x2 ... xi or (x~x~ ... xi), the orders among the elements 
in a block are immaterial. Clearly, CJ;,B, is a balanced incomplete block 
(BIB) design if and only if 
s fi = constant 
i:Bi2(xg) 
for all (.YV) E 2~ C 2. The standard notation BIB(v, b, I, k, A) and 
BIB(v, b, r, k,;llb*) will also be used in this paper. Note that 6” is the 
number of distinct blocks contained in the design, which is usually referred 
to as the support size of the design. 
2. GENERAL CONSTRUCTION 
In this section we discuss the method of trade-off and indicate how the 
generators for the (u, k) trades given by Graham et al. [l] can be utilized to 
construct BIB designs from a given design. 
A (v, k) trade consists of two disjoint incomplete block designs T= C jigi 
and T = C t,B, based on v and k such that when r is replaced by T in a BIB 
design D which contains ?;, the resultant design D’ is a BIB design with the 
same parameters as those of D. Formally, T and T forms a (v, k) trade if 
and only if for any pair (xy) E v C 2, 
P-1) 
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We shall use the notation D’ = D + T- T for the above operation. This 
notation is, of course, meaningful only if D contains $? It is clear that 2 fi = 
C ti in a (v, k) trade. 2 ti is referred to as the volume of the trade. Let 
5, = T,, T, and rZ = T,, Tz be two (u, k) trades, we define the addition and 
subtraction between the two trades to be 
respectively. Thus it is clear that the sum or the difference of two (v, k) 
trades is still a (v, k) trade. Algebraically speaking, the collection of (v, k) 
trades forms a Z-module. The following result indicating the structure of 
such a Z-module (derived from [I]) is very useful for applications. 
THEOREM 2.1. Let v > k + 3 and k > 3, the collection of (v, k) trades 
are integer combinations of the trades of form T - r, where 
T=x,x,x, w+xx,x,x, w+x*x‘J, w+x3x5x6 w 
and (2.2) 
T=X,X,X,W+X,X,X,W+X,X,X,WtX,X,X,W 
with W=X,X, ..‘X,,, and Xi’s are distinct and arbitrarily chosen from V. 
For the case v < k + 3 or k < 2 there are no (v, k) trades. 
We observe that in (2.2) for each block B in T there is a block g in r 
such that B n B is precisely W and B U g contains precisely all the k + 3 
elements involved in the trade. Therefore, the trades of the form (2.2) can be 
characterized by blocks of ? as follows: (i) All the four blocks have k - 3 
elements in common. These elements are denoted by W. (ii) Any other 
element besides those in Ware repeated twice in $?. (iii) Any two blocks in T 
have exactly one additional element, besides those in W, in common. Thus, 
one way to find a trade on a design is to locate a set of 4 blocks in the 
design of the form T which enjoy the above properties. We have found it 
easier and more useful to search for trades on a design via the above 
approach than checking condition (2.1) which is more general but difficult to 
implement. To illustrate the above idea we shall now present an example. 
EXAMPLE 2.1. Let D, b* denote the design presented in Table I with b 
blocks and support size d*. Suppose our goal is to construct BIB designs 
based on v = 8 and k = 4 with support sizes 41 and 42 from D42,39. Observe 
that if there is a trade of the form (2.2) which can be applied to D,,,,, to 
construct designs with support size 41, then T should contain at most two 
blocks which appear more than once in D,,,,,. Since in D42.39, there are 
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precisely two blocks, 1248 and 2345, having multiplicities greater than one, 
and these two blocks have two elements in common, these two blocks 
together with two additional blocks in D,,.,, could possibly constitute a T as 
described in (i)-(iii). Fortunately, if we let W= 4 and 
r= 1248 + 2345 + 1346 + 4568 
then r satisfies properties (i)-(iii). Moreover, let 
T= 3456 + 1468 + 2458 + 1234. 
Then T, r is a trade of the form (2.2). When this trade is applied to D42.39, 
the blocks 1346 and 4568 will be completely removed from D42,39 and the 
four blocks in’ T which did not appear in Ddz3,, will be added in. Thus 
D 42.39 + T - r has support size 39 - 2 + 4 = 41 which is D,,,,, as shown in 
Table I. 
Next, by observing that D42.4L has the block 1248 with multiplicity 2, our 
attempt is to find a trade T - T of the form (2.2) such that T contains the 
block 1248 and T is contained in the design D,,,,, but the blocks in T do 
not occur in D,, 41. We observe that 
and 
T= 1248 + 1256 + 1345 + 1368 
T= 1356 + 1348 + 1268 + 1245 
will lead us to the desired result. The designs D28,23, D,,.,, and D84,69 are 
similarly constructed by repeated applications of trades of the form (2.2) to 
the existent designs in Table I. 
Remark. The designs D,,,, with b* # 23, 41, 42, 55, 69 in Table I are 
constructed from a method of combining designs as will be shown in 
Section 3. 
3. METHOD OF COMBINING DESIGNS 
Suppose D, is a BIB(n-l,b,,r,,k-l,A,) and D, is a 
BIB(z) - 1, b,, rz, k, d,). Let D, be a new design obtained by augmenting a 
new variety to each block of D,. Then the necessary and sufficient condition 
for the combined design, consisting of blocks of D, and D,, to be a BIB 
design is 
rl =A1 + 12. (3.1) 
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This method, pointed out by van Lint [9], is particularly useful, as shall be 
explained below, for the case u = 2k, k even. From [2], the parameters of all 
BIB(v, b, r, k, A) designs based on v = 2k, k even, can be characterized as 
u = 2k, b=2(2k- l)t, r=(2k- l)t, k, 
(3.2) 
L= (k- l)t, tEZ 
and the parameters of all BIB(v, b, r, k, A) designs based on 2k - 1 varieties 
with block size k - 1 and k can be characterized as 
v=2k- 1, b=(2k- 1)t, r= (k- l)t, k- 1, 
J. = (k - 2) t/2, 
(3.3) 
tEZ 
and 
v=2k- 1, b = (2k - 1) t, r = kt, k, 
/z = kt/2, 
(3.4) 
tEZ 
respectively. We note that the parameters in (3.2), (3.3) and (3.4) satisfy 
(3.1) for all t E Z. By observing that the parameters of the designs as in 
(3.3) and (3.4) are complement to each other, a table of BIB designs based 
on v = 2k - 1 and block size k - 1 with different support sizes will enable us 
to obtain many BIB designs with or without repeated blocks based on 
v = 2k. Thus from Table I of [4], which provides BIB designs based on v = 7 
and k = 3 with all possible support sizes, we can obtain BIB designs based 
on v=g and k=4 with support sizes 14,<b*<70, b*@ {15, 16, 17, 19, 
23,41,55, 69). These designs (except for the one with b* = 42) are listed in 
Table I. As was mentioned in Section 2, the designs with support size 
b” = 23,41,42,55 and 69 are constructed by the method of trade-off. The 
reason that we do not use the design with b = 6” = 21 in Table I of [4] to 
obtain a BIB design with b = b* = 42 will be explained in closing remark 
(a). We observe that a BIB design D based on v = 2k obtained from the 
method of combining designs as described above is a self-complementary 
design if and only if D, is chosen to be the complementary design of D,. 
Therefore, out of the 48 designs in Table I which are constructed via the 
method of combining designs, exactly 17 of them are self-complementary 
and these designs are identified with the symbol l . We remark that in general 
there is no self-complementary BIB design whose support size is an odd 
number. Although the design D,,,,z listed in Table I is not self- 
complementary, the design with b = b” = 21 listed in Table 1 of [4] can be 
utilized to construct a self-complementary design with the same parameters 
as those of D,, 42. We are not ruling out the existence of self-complementary 
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designs for other cases for which the designs in Table I are not self- 
complementary. This is now under investigation. 
The next section, independent from the method of construction, charac- 
terizes the minimum support size of BIB designs based on v = 8 and k = 4. 
4. MINIMUM SUPPORT SIZE OF BIB(8, 14t, 7t,4, 3t), tE Z 
We shall prove that any BIB design based on v = 8 and k = 4 cannot have 
support size less than 14. To do this, we study the intersection properties 
among the blocks of BIB designs based on v = 8 and k = 4. 
4.1. Block Intersection Numbers 
Let D be a BIB design and B be a specific block in D. Let xi, i = 0, l,..., k, 
be the number of blocks apart from B itself which have exactly i elements in 
common with B. From [7], the intersection numbers satisfy the following 
equations: 
(4 xi=b-1 
Thus the intersection numbers for a BIB(8, 14t, 7t, 4, 3t) design satisfy: 
(a’) x0 +x1 + x* +x3 +x4 = 14t - 1 
00 x,+2~,+3~,+4~,=4(7t-1)=28t-4 
Cc’) x2 + 3x, + 6x, = 6(3t - 1) = 18t - 6. 
By subtracting (c’) from (b’), we obtain 
x1 +x2 = lot + 2 + 2x4 
which in turn implies that 
x,+x,=4t-3-3x,. 
BY (4.21, 
4t - 3 - 3x, > 0. 
(4.1) 
(4.2) 
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Thus 
x4 < it - 1. (4.3) 
Therefore, in a BIB@, 14t, 7t, 4, 3t), each block can occur at rnost [$r] times, 
where [x] denotes the greatest integer <x. 
4.2. The Minimum Support Size 
It is clear that if a BIB(8, 14t, 7t, 4, 3t) design D has support size b* < 13, 
then there is at least one block in D repeated more than t imes. We shall 
prove that this is indeed a contradiction. Thus the support size of any BIB 
design based on v = 8 and k = 4 cannot be less than 14. 
THEOREM 4.1. If D is a BIB(8, 14t, 7t, 4, 3t) with at least one block 
repeated more than t times, then b* > 17. 
ProoJ Assume B = (1234) is a block of D which appears the maximum 
number of times in the design. Let 
n, = the number of blocks in D which is disjoint with B, 
ni = the number of blocks in D which each intersects B at precisely the 
element i, i = 1, 2, 3, 4, 
nii = the number of blocks in D which each has exactly the elements i 
and j in common with B, 1 < i <j < 4, 
nijk = the number of blocks in D which each has exactly the elements i, 
j and k in common with B, 1 ,< i <j < k < 4, 
n I214 = the number of blocks apart from B which each coincides with B. 
Note that 12 1234 = x4 > t. 
Since /z = 3t, 
n12 + ffl23 + n,,, + n1*34 = 3t - 1 
El3 + n,23 + n134 + n1is4 = 3t - 1 
n14 + n,24 + n134 + 111234 = 3t - 1. 
Hence 
4 
1 nlj+2 x FIVk + 3n,,,, = 9t - 3. 
.i=2 2<j<k<4 
But r = 7t implies that 
j=2 
nl,ik + FZ1234 = 7t - 1. 
2<j<k<4 
(4.4) 
(4.5) 
(4.6) 
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By subtracting (4.5) from (4.6) we obtain 
n,- -K- 
Z<j<k<4 
nIjk - 2r1,,~, = 2 - 21. 
Thus 
n, = 2 - 2t + 2n,,,, + L’ 
2Sj<k<4 
nljk 
>2+ E n,jk, for ~1 1234 > t. 
24jckc4 
Hence n, > 2 and similarly n, > 2 for i = 2, 3,4. Therefore, there are at least 
four distinct blocks which intersect B in exactly one element. Moreover, (4.4) 
implies that 
I? 12 = 3t - ’ - ‘1234 - h3 + %24) 
> 3t - 1 - nIlI - (4t - 3 - 3x,) 
=3t-l-x,-4t+3+3x4 
= 2x, - t + 2 
>x,+2 (for x4 > t). 
Iby (4.211 
By symmetry, rzi, > x4 + 2 for all 1 < i <j < 4. By assumption x4 + 1 is the 
maximum frequency of a block in D. Thus there are at least two distinct 
blocks which have i, j in common with B, 1 < i <j < 4. But there are ( i) = 6 
such pairs. Therefore D contains at least 12 more distinct blocks besides B 
itself and the four blocks which intersect with B in exactly one element. That 
is, b* > 1 + 4 + 12 = 17. In other words, if D contains a block with 
frequency greater than t, then b* > 17. Therefore, it is impossible to have a 
BIB design based on v = 8 and k = 4 with support size less than 14. 
5. CLOSING REMARKS 
(a) The designs listed in Table I are based on v = 8 and k = 4 with the 
property that with respect to each b *, the block number b is as small as 
possible. Moreover, in preparing this table of designs we insisted that each 
design should have a BIB@, 14, 7, 4, 3) as a subdesign. This is a useful 
property since by adding copies of the associated subdesign to each design 
we can increase the number of blocks without altering the support size. 
Except for D,,>,,, this subdesign is D1,x,4 listed in the table. The design 
D 28.23 contains a BIB(8, 14, 7,4, 3) different than D14,,,. We would like to 
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mention that it is impossible to construct a BIB(8, 28, 14, 4, 6 123) containing 
the 4,. I4 in the table as its subdesign. To preserve such a structure we could 
not utilize the combination technique based on the design with b = b* = 21 
of [4] to produce a design with b = b* = 42. This latter design in Table I 
was obtained by the method of trade-off as was explained in Example 2.1. 
(b) There are no BIB design based on v = 8, k = 4 and b = 70 with 
support sizes 65, 67, 68 and 69. Thus the smallest possible b for such 
support sizes is 84. This is because of the nonexistence of (v, k) trades of 
volume 1, 2, 3 and 5 161. 
(c) Whether there is a BIB design based on u = 8 and k = 4 with support 
sizes b* = 15, 16, 17, 19 is still under investigation. 
(d) The existence and construction of missing self-complementary BIB 
designs in Table I is also under investigation. 
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